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In this paper, we present a simple proof of the coerciveness of first-order system least-squares methods for
general (possibly indefinite) second-order linear elliptic PDEs under a minimal uniqueness assumption. The proof
is inspired by Ku’s proof [36] based on the a priori estimate of the PDE. For general linear second-order elliptic
PDEs, the uniqueness, existence, and well-posedness are equivalent due to the compactness of the operator and

Fredholm alternative. Thus only a minimal uniqueness assumption is assumed: the homogeneous equation has
a unique zero solution. The proof presented in the paper is a straightforward and short proof using the inf-sup
stability of the standard variational formulation. The proof can potentially be applied to other equations or
settings once having the standard formulation’s stability. As an application, we also discuss least-squares finite
element methods for problems with a nonsingular H~! right-hand side.

1. Introduction

The least-squares variational principle and the corresponding least-
squares finite element methods based on a first-order system refor-
mulation have been widely used in numerical solutions of partial dif-
ferential equations, see for example [15,17,6,35,7,28,18,16,36,23,13].
Compared to the standard variational formulation and the related fi-
nite element methods, the first-order system least-squares finite element
methods have several known advantages: (1) The least-squares contin-
uous problem is well-posed as long as the linear PDE is well-posed. (2)
The discrete problem is stable and optimally accurate as long as the dis-
crete spaces are the subspaces of the corresponding abstract solution
spaces. (3) The resulting linear systems are symmetric positive definite.
Fast solvers like multigrid can be used to solve the discrete problem. (4)
The least-squares functional is a good error indicator/estimator for the
finite element mesh refinement and the error control. (5) The boundary
condition can be easily handled in the least-squares formulation with
strong or weak enforcement.

The key to establishing the well-posedness and the a priori and a
posteriori error estimates of the first-order system least-squares finite el-
ement methods is the coerciveness of the corresponding bilinear forms.

The simplest way uses the least-squares graph norm as the norm of
choice, then the uniqueness of the PDE can be used to show the well-
posedness of the least-squares system. Such analysis is too crude and
often only can be used for least-squares bilinear forms we have less un-
derstanding of, see [40,39,42].

For problems like linear second-order elliptic PDEs, a more re-
fined analysis is often needed to establish the norm equivalence: the
equivalence of the least-squares norm and the standard Sobolev norms
of the unknowns. For L2-based first-order system least-squares meth-
ods for second-order elliptic equations with a new variable flux in
H (div) space, the norm equivalence of the least-squares norm and the
H(div)x H'-norm is needed. For the H~!-based first-order system least-
squares method, the norm equivalence of the least-squares norm and the
L*(Q)? x H'-norm is needed. The continuity of the least-squares bilinear
form is often easy to check, so the main task is to prove the coercive-
ness of the least-squares bilinear form in the corresponding norms. For
elliptic problems with a coercive standard variational formulation, the
coerciveness proof is often quite simple with the help of the Poincaré in-
equality. The proof is subtler for general elliptic equations with possible
indefinite weak problems.
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1.1. Review of past coerciveness proofs of least-squares methods for
general second-order linear elliptic PDEs

For the general second-order elliptic equation, there are various co-
erciveness proofs available in the past thirty years for first-order system
least-squares methods. In [15], the main assumption is the uniqueness
of the solution of the linear elliptic equation, which is a very general set-
ting that includes a real Helmholtz problem (whose standard variational
formulation is naturally indefinite). The coerciveness is established for
the L2-based first-order system least-squares method. In the proof of
[15], the key tool is a norm equivalence ((3.5) of [15]) based on the bi-
jectivity of the linear elliptic operator. Later in [9], in the same general
setting, the uniqueness of the elliptic PDE, the coerciveness of the H~!-
based first-order system least-squares method is established based on a
compactness argument. In Cai’s lecture notes [12], based on the [9]’s
arguments, the coerciveness of the L2-based first-order system least-
squares method is established in the same general setting, see also [13].
In [36], the coerciveness is established based on the a priori stability
estimate of the general elliptic PDE. For general linear second-order
elliptic PDEs, the uniqueness, existence, and well-posedness are equiv-
alent due to the compactness of the operator and Fredholm alternative,
so these three proofs are essentially equivalent. One possible shortcom-
ing of [9,12,13] is that it is a proof by contradiction. When applied
to problems with mesh-dependent settings, the indirect proof can not
show that the coercivity constant is independent of the mesh.

In a more restrictive setting, where some assumptions on the co-
efficients are assumed to ensure the standard variational formulation
is coercive, the coerciveness of the L2-based first-order system least-
squares method was proved in [41]. Such a setting excludes problems
like the real Helmholtz problems.

In recent years, several new ideas emerged to prove the coerciveness
of first-order system least-squares methods. In [25], based on a priori
estimates of two separated problems with the terms of the least-squares
functionals as right-hand sides, the coerciveness is established for the
Helmholtz equation in a complex setting. The same argument is used in
[4] for the self-adjoint diffusion-reaction problems. In [24], a new proof
technique based on a lemma introduced in the discontinuous Petrov-
Galerkin method [33] is used to prove the coerciveness of specially
designed first-order least-squares finite element methods with weakly
enforced boundary conditions.

The analysis for finite element approximations to the possible indef-
inite general second-order elliptic equations is more complicated than
the coercive cases. In [43,44], the conforming finite element approx-
imation of the general elliptic equations are discussed. Recently, in
[26,21,22], nonconforming and mixed finite element approximations
are discussed. All the results require some regularity and the mesh size
of the discretization is small enough. Compared to the conforming, non-
conforming, and mixed methods, the least-square finite element method
for the general elliptic equations has an extra advantage: as long as the
finite element spaces are conforming subspaces of the abstract solution
spaces, the discrete problem is coercive without any restriction on the
mesh size.

1.2. Contribution of this paper

Due to the equivalence of uniqueness, existence, and well-posedness
of the second-order elliptic PDE, we only assume a minimal uniqueness
assumption: the homogeneous equation has a unique zero solution. A simple
proof for the coerciveness of two formulations of the first-order system
least-squares methods for general second-order elliptic PDEs under the
minimal uniqueness assumption is presented. One formulation is based
on the diffusion flux reformulation, and the other one is based on a total
physical flux reformulation. Both the L?> and H~! first-order system
least-squares methods are discussed.

The central part of our proof is only two to three lines. The main
component of the proof is the inf-sup stability of the standard weak
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formulation, which is guaranteed by the minimal assumption. Besides,
this proof has the potential to be applied to other cases and scenarios,
where the standard compactness/proof of contradiction tricks in [15,9,
12,13,36] may not be applicable, but an inf-sup stable bilinear form is
available.

As an application, we discuss least-squares finite element methods
for the seconder order elliptic equation with an H~! right-hand side in
the paper. The key to setting up a first-order system is to choose the
new vector variable carefully so it is in the H(div) space. In [31], least-
squares methods with singular righthand sides are discussed. We do not
pursue this direction in the paper.

1.3. Outline, notations, and function spaces

The paper is organized as follows. In the remaining part of this sub-
section, we present notations and function spaces. In Section 2 we intro-
duce mathematical equations for the second-order scalar elliptic partial
differential equations and discuss the solution’s existence, uniqueness,
and well-posedness. Two variants of the first-order systems are pre-
sented. Then we set up the corresponding L?> and H~' least-squares
functionals and give sufficient conditions to ensure the coerciveness to
avoid repeating. In Section 3, a simple proof based on the inf-sup sta-
bility is presented. Section 4 discusses the least-squares finite element
method for the elliptic equation with an H~! right-hand side.

Let Q be a bounded, open, connected subset of R¢(d =2 or 3) with
a Lipschitz continuous boundary dQ. Denote by n=(n,,...,n,)” the out-
ward unit vector normal to the boundary. We partition the boundary of
the domain Q into two open subsets I';, and I'y such that 0Q =T, uTy
and I', N T, =@. For simplicity, we assume that I'j, is not empty (i.e.,
meas(I"p) # 0).

We use the standard notations and definitions for the Sobolev
spaces H5(Q)¢ for s > 0. The standard associated inner product is de-
noted by (-, -); o, and their respective norms are denoted by || - |I; o
and || - ||;9o- The notation | - | o is used for semi-norms. (We sup-
press the superscript d because the dependence on dimension will be
clear by context. We also omit the subscript Q from the inner prod-
uct and norm designation when there is no risk of confusion.) For
s=0, H*(Q) coincides with L?>(Q)?. The symbols V- and V stand for
the divergence and gradient operators, respectively. Set H 113(9) ={ve
H'(Q) : v=00nTp} and H(;(Q) :={ve H'(Q) : v=0on dQ}. Define
H(div;Q) = {r € LX(Q)? : V-7 € L*(Q)}, which is a Hilbert space un-
der the norm || 7|l ygiv.0) = (||r||% +||V- r||(2)) 1/2, and define its subspace
Hy(div;Q)={r € H(div;Q) : n-t=0o0nTy}. Since most of our dis-
cussion will be in Hy(div; Q) x H})(Q), we introduce the notation for
simplicity,

X 1= Hy (div; Q) x H (). (1.1

The space (H 11)(9))’ is defined as the dual space of H 5(9) and consists
of the functionals v for which the norm

(0.0 @y @)

1.2
IVewllo a2

llolly = sup

weHLI)(Q)

is finite. Here, we use the notation (-, ~)( @y to denote the du-
D

lel)(Q)
ality pairing between (H })(Q))’ and HLI)(Q). For simplicity, we will only
use (-,-) in the rest part of the paper if no confusion is caused.

When 9Q =T, then it is the usual H~'(Q); see for example, dis-
cussions in [30,11]. We use ||V - ||, instead of the standard | - ||, norm
due to the Poincaré inequality. The space (H})(Q))’ is a Hilbert space.
Let S : (H,(Q)) — Hp(Q) to be the solution operator of the following
problem:

z€ HL(Q) with (Vz,Vo)=(f,v) Yve Hp(Q). (1.3)

That is, for f € (H},(Q)Y, Sf =z € H}(Q) is the solution of (1.3). Again,
we modify the setting in [9] and only use the Poisson problem in its
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weak form. In [9], the PDE version of —Au + u = f with boundary con-
ditions is used. It is easy to see that the two settings are equivalent.
We have the following result (Lemma 2.1 of [9]): The inner product on
(Hp(Q)Y x (H},(Q)) is given by

(v,Sq) Vuv,qe(HLQ). 1.4
We have [|q]|, = (g. Sq), for g € (H},(Q))'.

Let f =S"'z and v=z in (1.3), we have
IVzll} =(S7'z,z), Vze Hp(Q). (1.5)
Thus, for ve H} (Q) and w=5"1v € (H}(Q)), we have
lwl?, = (w, Sw)y=(S~"v,857'v) = (57" v,0) = || V|3 (1.6)

By the Poincaré inequality, we also have the following result: As-
sume f € L3(Q), then

(f,v) (f,v)
lfll-y = sup v <C <ClIfllo- @7
UEHID(Q) [ U“O UEH})(Q) “U“O
For 7 € H y(div;Q2), we also have
V-7,0) (z,Vv)
IV-7lly= sup —omi = 22 <l (1.8)
veH) @ IVello veH) (@) IVelly

2. General second-order elliptic equations and their least-squares
methods

2.1. General second-order elliptic equations

For f € L*(Q) is a given scalar function, consider the general second-
order elliptic equation in divergence form

-V - (AVu)+b-Vu+cu = finQ,

OonTp,

2.1

u

AVu-n OonTy,

and its adjoint problem (equation in physical form)

=V - (AVu+bu)+cu
u

(AVu+bu)-n

fin Q,

OonTp, (2.2)

OonTy.

We assume the following very mild conditions on the domain and coef-
ficients.

Assumption 2.1. The domain Q is a bounded, open, connected subset
of R4(d =2 or 3) with a Lipschitz continuous boundary 9Q.

The diffusion coefficient matrix A € L®(Q)?*? is a given d xd tensor-
valued function; the matrix A is uniformly symmetric positive definite:
there exist positive constants 0 < Ay < A, such that

AgyTy <yT Ay <AyTy (2.3)

for all y € R? and almost all x € Q. The coefficients b € L*(Q)¢ and
¢ € L®(Q) are given vector- and scalar-valued bounded functions, re-
spectively.

For simplicity, we define

Xv=b-Vv+co. 2.4
Define the following bilinear form:
a(w,v) =(AVw, Vv) + (Xw,v) = (AVw, Vo) + (Vw,bv) + (cw, v)
(2.5)

1
w,v € Hp(Q).

With the help of the Poincare inequality (which is true under our as-
sumption of the boundary condition), it is easy to check that the bilinear
form is continuous due to Assumption 2.1:
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a(w,v) < C|IVollpliVwll, ve H)(Q) and w e HL (). (2.6)
Remark 2.2. When b =0 and ¢ = —k? for some k > 0, the equation is a
real Helmholtz equation. We have a(v, v) = ||A'/2Vu||g — ||kv]|?, which is
indefinite for a large k. However, as long as k? square is not an eigen-
value of (AVwv, Vw), the equation still has a unique solution.

2.2. Existence, uniqueness, and well-posedness of the linear second-order
elliptic PDE solution

This subsection discusses the theories on the existence, uniqueness,
and well-posedness of the second-order linear elliptic PDE. In order to
handle the H~! least-squares formulations, we discuss the two problems
with (H},(Q)) righthand sides.

For a g € (H}(Q)), assume that u € H},(Q) satisfies the following
weak problem of the equation in divergence form:

2.7)

u € Hp(Q), such that a(u,v) = (g,v), i @yxil@ Y€ HL(Q),

or satisfies the adjoint weak problem of the equation in physical form,

u € Hp(Q), such that a(v,u) = (g,v) m@yxal@ Y€ HL(©Q. (2.8)

For a possible indefinite linear second-order elliptic equation, the solu-
tion’s existence and uniqueness theory is based on the Fredholm alterna-
tive. Since we assume the ellipticity of the PDEs (conditions (2.3) on A),
the operators associated with the divergence form and adjoint physical
form problems are Fredholm operators of index zero. The uniqueness,
existence, and well-posedness are equivalent. We collect the existence
and uniqueness results of linear second-order elliptic equations in the
following theorem. These results are standard and are known to the
experts. We present here only for completeness and clarifications.

Theorem 2.3. Assuming that Assumption 2.1 is true, the following assump-
tions are equivalent:

(1) The homogeneous equation associated to (2.7), i.e., a(u,v) =0, for all
ve HL(Q), has u=0 as its unique solution.
(2) The weak problem (2.7) has the following stability bound:

IVully <Cligll_; VYgeHpQ). 2.9

(3) The weak problem (2.7) has a unique solution u € H [‘)(Q) forany g e
(H [1,(9))'~

The homogeneous equation associated to (2.8), i.e., a(v,u) =0, for all
ve HL(Q), has u=0 as its unique solution.

The adjoint weak problem (2.8) has the following stability bound:

€))
&)

IVullg < Cligll_; Vg€ HLQ). (2.10)

(6) The adjoint weak problem (2.8) has a unique solution u € H })(Q) for

any g € (H,(Q)'.
We sketch two proofs.

Proof. (I) By the Fredholm alternative, the solution spaces of the two
adjoint homogeneous problems have the same finite number of linearly
independent solutions, see page 200 of [5] or Theorem 5.11 of [32]. If
one of them has only 0 as its solution, so is the other, thus (1) < (4).

From page 200 of [5], if (4) is assumed, then for any g € (H LI)(Q))’ s
the weak problem (2.7) has a unique solution in H })(Q) since the re-
quirement of the existence of a solution by the Fredholm alternative is
that (g,v)=0foranyve H 11)(9) being the solution of homogeneous ad-
joint equation (2.8), which is 0. Then we get (4) = (3). Similarly, we
get (1) = (6).

Again from the Fredholm alternative, we get (1) = (2) and (4) =
(5), the a priori estimate.
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On the other hand, if (2) is true, we immediately have (1) by letting
g =0. Similarly, (5) = (4).

The conclusions (3) = (1) and (6) = (4) are obvious. Thus, we
have the equivalence of the assumptions in the theorem. []

Proof. (II) The equivalence of (1) < (2) < (3) can also be proved
directly without the help of the adjoint problem. Following the proof of
Theorem 8.3 of [32], we get (1) = (3). (1) = (2) is a result of the
Fredholm alternative. (2) = (1) and (3) = (1) are obvious. Similarly,
we have (4) < (5) < (6). We only need to show the equivalence of
(1-3) and (4-6).

From the Banach-Necas-Babuska theory [2,8,47], the problem (2.7),
which has a continuous bilinear form, is well-posed if and only the
following conditions hold:

. a(v, w) . a(v, w)
inf sup ———————— 5 inf sup ——MmM—— R
UEH})(Q) wEHll)(Q) Ilvvllollvwllo wGH]D(.Q) UEHID(Q) ||VU||0”VW||0
(2.11D)
furthermore if (2.11) holds, then
inf sup __aww) = __aww) =p>0
ey @ went @ 1VOIOIVlly ~ wemb@ wertia 1Vlol Vel
(2.12)

Thus, we immediately get (2.8) is also well-posed and thus (1-3) <
(4-6). The proof of the opposite direction is identical. []

Remark 2.4. The inf-sup condition (2.11) or (2.12) is also equivalent

to
a(v,w) a(w, v)
sup

BlVolly <
weH (@) IVewllg

and p|IVollp< sup

weH (@) IVewlly

(2.13)
Yo e H)(Q),

for some p > 0. These conditions are also equivalent to the stability
estimates (2.9) and (2.10).

Remark 2.5. The Banach-Necds-Babuska theory is established for gen-
eral linear problems in the Banach/Hilbert spaces setting, which states
that the problem is well-posed if and only if the bilinear form is continu-
ous and satisfies the inf-sup conditions (2.11). For second-order elliptic
equations, due to the compactness and Fredholm alternative, we only
need one condition from Theorem 2.3.

Remark 2.6. The stability constant g in (2.12) is mesh-independent, but
it can be very close to zero. For example, for the Helmholtz equation
with b=0 and —c is very close to the eigenvalue of (AVv, Vw).

Remark 2.7. A proof of (1) = (3) and (4) = (6) can be found in

Lemma 2.2 of [10] for some more general mixed boundary conditions
with a compactness argument.

2.3. Least-squares minimization problems

For the elliptic equation in the divergence form (2.1), let the flux
o =—AVu. We have the first-order system:

c+AVu = 0 in Q,
Vio+Xu = f inQ, (2.14)
u=0 onIp,
c-n=0 only.

Forue H})(Q), wehave 6 =-AVue L*(Q)? and V-0 = f — Xue L*(Q),
so (o,u) € X = Hp(div; Q) X H})(Q). For (z,v) € X, define least-squares
functionals for the system (2.14),
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L(z,v; f) :=|A7 22 + AV2V0l2 + |1V -7+ X0 - fI12, (2.15)
L y(z.v f) :=|A" P+ AV2Vol3 + IV -+ Xo— £, (2.16)
The corresponding least-squares minimization problems are:
Find (o,u) € X s.t. L(o,u; f)= inf L(z,v;f) (2.17)
(r,0)EX
and find (o,u) € X s.t. L_(o,u; f)= inf L_,(z,0;[). (2.18)
(T, v)eX

For the elliptic equation in the physical form (2.2), define the total flux
as 6 = —AVu — bu, then

6+ AVu+bu = 0 inQ,
V-o+cu = f inQ, (2.19)
u=0 onlp,
c-n=0 only.

Similarly, we have (o,u) € X. For (r,v) € X, define least-squares func-
tionals for the system (2.19),

(2.20)
(2.21)

J(t,v; f) ::||1'+AVU+bU||(2)+||V~r+cu—f||g,

J_i(z,v; 1) Z=||T+AVU+bl)||%+||V-T+CU—f||31.

Remark 2.8. We discuss the problem (2.2) independently since the
total physical flux is different from the flux (2.1) and has many ap-
plications. The introduction of the total flux in the least-squares context
can be found in [37].

For any (z,0) € L*(Q)! x H}(Q) and (p, w) € X, define the following
two norms, respectively:

@, oll* :=llzllg + IVelly and (e, w)llI* = llpllg + 1V - pllg + I V]l

(2.22)

Remark 2.9. By the Poincaré inequality, we can also replace [|Vu||,
by a standard ||v||; in the above norms. We use the norm ||Vuv||, for
simplicity.

From the Cauchy-Schwarz, triangle, and Poincaré inequalities and
the bounds of the coefficients (A, b, and c) of the underlying problems
(Assumption 2.1), we immediately have the following upper bounds:
There exists C > 0, such that,

L(z,0;0) < Cll(z, )1

and J(z,1;0) < Cll(z, v, ¥(r,v) € X.(2.23)

Together with (1.7) and (1.8), we can show that there exists C > 0, such
that,

L_(z,u;0)<Cll(z,0)lI* and J_;(z,0;0) < Cll(z,0)|I%, ¥(,v) €(2.24)

In this paper, we want to prove the following coerciveness results:
For all (z,v) € X, there exists C > 0, such that,
Cli@,vlI* < Lz, v;0),

Cli(z,v)||*> < L_(r,v;0), (2.25)

Clite,lI* < J(z,0;0),  Cliz, v)II* < J_(z,0;0). (2.26)
Remark 2.10. If the coercive results (2.25) to (2.26) hold, then we have
the following equivalence:

CiL(t,0;0) < J(7,v;0) < C, L(z,v;0) (7,0) €X; (2.27)

C3L_(7,0;0) < J_(7,0;0) < C3L_i(7,v;0) (7,0) €X. (2.28)

Before discussing the complete coerciveness proofs, we introduce
some conditions that ensure coerciveness. These conditions are elemen-
tary and well-known. We list them here to avoid repeating them in
future proofs.
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Theorem 2.11. For (t,v) € X, we have

ClIVull < L(z,0;0) = Clli(z, v)llI* < L(z, v;0), (2.29)
ClIVull§ < Ly (z,0:0) = Cli(z, )II* < L_y (7, v;0), (2.30)
ClIVull < J(z,0;0) = Clli(z, 0> < J (z,00), (2.31)
ClIVull§ < J_i(z,0;0) = Cli(z, 0I5 < J_ (,0;0). (232

Proof. From the triangle and Poincaré inequalities, we have

IV zllg <IIV-7+ Xollg+ I X0llp IV -7+ Xvllg+ ClIVullg
and ||zl < [T + AVolly + Cl|Voll.
Thus, if the first inequality of (2.29) is true, we have the coerciveness.
The rest results in the theorem can be proved similarly. []

3. A simple direct proof from the Inf-Sup stability

We present a simple proof of the coerciveness of the least-squares
functionals.

Theorem 3.1. Assuming one of the conditions of Theorem 2.3 is true, the
coercive results in (2.25) and (2.26) hold.

Proof. By the integration by parts, we have (r,Vw) + (V - ,w) =0 for
any (r,w) € Hy(div; Q) x H} (Q). Then for 7 € Hy(div;Q) and v and w
in H}(Q), we have

a(v,w) =(AVo,Vw)+ (Xv,w)=(AVv+1,Vw)+ (V- 7+ Xv,w), (3.1)

a(w,v) =(AVv+bv, Vw) + (cv, w) (3.2)
=(AVo+bv+7,Vw)+ (V-1 +co,w).

It follows from (2.13), (3.1), the Cauchy-Schwarz and Poincaré inequal-
ities, the definition of the minus one norm, the assumption on A, and
(1.7), for any (z,v) € Hy(div; Q) X H}(Q),

a(v, w) _
IVwlly

(AVo+1,Vw)+ (V- -7+ Xv,w)
IVwlio

BlIVullg < sup

weH ) (Q) weH ()
<C|AYV2Vo+ A" 22|y + ||V - T+ X0,
<C(IAY2Vo+ A7 r||g+ IV - T+ X0|p).

Similarly, using (3.2), for any (z,v) € H (div; Q) x H 11)(9), we have

a(w, v) _
IVwlly

(AVo+bv+17,Vw)+ (V- 7+ co,w)

BlIVully <
0 IVwlly

sup
weH ll) ()

<Cll[AVv+bv+z|g+ IV -T+cvl_,4

S
wEHl')(Q)

<C(lAVo+bo+t|g+ IV -7+ cvllp).

Thus the conditions in Theorem 2.11 are satisfied, we have the coer-
civeness. []

Remark 3.2. Compared to the proofs in [15,9,12,13,36], the proof is
simplified. This proof is a result of studying the existing proofs and
finding their connections. We hide the compactness argument used
in [15,9,12,13] to the stability of the original bilinear form. For the
second-order elliptic equation, the proof of stability relies on the Fred-
holm alternative, which also relies on compactness; thus, the proofs are
essentially equivalent. The advantage of the current proof is that it can
be applied to other cases where the stability of the bilinear form is avail-
able, and the stability is not necessarily related to compactness. For ex-
ample, for an L? div least-squares method with Crouzeix-Raviart finite
element approximation for the general second-order elliptic equation,
we have the discrete stability of the bilinear form under the condition
the mesh is fine enough [21]. We then can use the above proof method
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to derive the discrete coerciveness of the L? div least-squares method
with Crouzeix-Raviart finite element approximation, see [38]. On the
other hand, the compactness arguments in [9,12,13,36] do not work in
this discrete scenario since the compactness argument is a proof of con-
tradiction and can not be used in mesh-dependent methods to prove
that the coercive constant is independent of the mesh size.

As seen from the proof, the proof also guides us in choosing the right
weight for different terms.

4. Extension to least-squares finite element methods with H~1
right-hand side

This section discusses the least-squares finite element methods for
the second-order elliptic equation with an H~! right-hand side. Such a
problem appears in many situations, for example, in the goal-oriented,
a posteriori error estimate [34] and Darcy flow.

For simplicity, we only consider the (2.1)-type of equation with
a pure Dirichlet boundary condition and the L2?-version of the least-
squares finite element method. As pointed out in [30,11], any func-
tional in H~! :=(H,(Q))' can be written as f - V - g for f € L*(Q) and
g € L*(Q)?. Thus, we consider the following problem:

V.- (AVu)+b -Vu+cu = f; -V -(Af,)inQ, u=0o0nodQ. 4.1)

Here f, € L*(Q) and f, € L>(Q)? are given functions. We have f, +
V - (Af,) € H~1(Q). The divergence of Af, should be understood in the
distributional sense, i.e.,

(V- (Afy),v) = —(Af,,Vv) VYve HL(Q).

A typical Af, can be AVuv, for v, being a function in the conforming
finite element space. Such a righthand side also appears in the recovery-
based error estimators, see [20]. The standard variational problem
reads: Find u € Hé (Q), such that,

(AVu,Vo)+ (b - Vu+ cu,v)=(f;,v) + (Af,,Vv) VYve Hé (Q). 4.2)

For equation (4.1), the quantity AVu is not in H(div; Q). Since V - (Af,)
is only in H(Q), not L2(Q), thus V- (AVu)=b - Vu +cu— f1—=V.(4Afy)
is only in H~!(Q). Taking the simplest example, let b=0, ¢ =0, f; =0,
A =1, and f, = Vv, where v, is a continuous piecewise linear finite
element function. It is well-known that we usually do not have [Vu,, -
ngJl =0 across an internal edge F of a finite element mesh. This term
often appears in the residual type of a posteriori error estimator [1,46],
and recovering it in the H(div)-conforming space is the foundation of
a recovery-based error estimator [19]. Then for this simplest example,
AVu=—-AVuv, & H(div;Q).

On the other hand, let the flux ¢ = —~AVu+ Af, € L?>(Q)?, then V-6 =
f1 =b-Vu—cue L*(Q), thus we have ¢ € H(div;Q). We use the fact
Vu=f, — A~!c and get a first-order system:

6+ AVu = Af, inQ,
Veo+Xu=f inQ, (4.3)
u=20 on 0Q.

For (r,v) € H(div; Q)X H, 3 (Q), define the least-squares functional for the
system (4.3),

M(z,v; f1,8) := A7 P e + AV2Vo = AP+ IV - 7+ Xv = f1]5. (4.8)

The corresponding least-squares minimization problem is:

Find (o,u) € H(div; Q) X H}(Q)

s.t. M(o,u; f1,£,) = inf M(z,v; f1,1).
(r.u)eH(div;Q)xH(l)(Q)
The Euler-Lagrange weak problem is: Find (o,u) € H(div; Q) X Hé (Q),

such that
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b((o,u),(t,v)) = F(r,v) V(r,v) € H(div;Q) X Hé (Q), (4.5)

where the bilinear form a and linear form F are defined for all (p,w)
and (z,v) € H(div;Q) X H}(Q) as:

b((p,w),(r,u))=(p+AVw,A_lr+Vv)+(V-p+Xw,V-r+XU),
F(r,0) = (Afy, A2 + Vo) + (f}, V - T+ X0).

Let 7 = {K} be a triangulation of Q using simplicial elements. The
mesh 7 is assumed to be regular. For an element K € 7 and an integer
k >0, let P,(K) be the space of polynomials with degrees less than or
equal to k. Define the finite element spaces RT}, S, and S}, as follows:

RT} :={t€ H{div;Q): 7|g € P(K)? +xP.(K), VK €T},

S, ={veCQ): vlx EP(K), VKET} and S :=5,nHL(Q).
Then for k > 0 being an integer, the corresponding first-order system
least-squares minimization problem and finite element problem are:
Find (6,u;) € RT X Sy, 9, such that

Moy, up; f1,6) = M(z,v; f1,1),

inf
(T, V)ERT XSk 410

and find (6, u;,) € RT; X S, such that

b((Gp,up), (T, 0)) = F(zr,v) V(z,0) € RT} X Siy1 0> (4.6)

respectively.
Since it is obvious that M (r, v;0,0) = L(z, v;0), we immediately have

b((z,v), (z,0)) = Clll(z, V). 4.7)

Thus the existence and uniqueness of both (4.5) and (4.6) are estab-
lished.

4.1. A priori error estimate

It is easy to derive that the quasi-best approximation property holds:

l(e —opu—-upll <C nf llite = 7. u = vp)lll- (4.8)

(rh,uh)elRTkakHYO
Thus, we only need the approximation properties of the discrete spaces
and the regularities of the solutions to finish the a priori error estimate.

First, we discuss the local approximation properties of S, o. The
space H'*5(Q), with s > 0 for two dimensions and s > 1/2 for three
dimensions, is embedded in C°(Q) by Sobolev’s embedding theorem.
Hence, we can define the nodal interpolation of the function v €
H'™s(Q). It is proved in [29] that if v € H!*Sk(K) with sg >0 in two
dimensions and sg > 1/2 in three dimensions, then for sx < k + 1, the
following estimate holds for the nodal interpolation I,

IV =Tl Ch¥ ol k VKET. (4.9)

For solutions with low regularities, the nodal interpolation is not well-
defined. We can use the modified Clément interpolation [27,3] or the
Scott-Zhang interpolation [45]. For an element K € 7, let Ag be the
collection of elements in 7 that share at least one vertex with K. As-
sume that v € H(}(Q) and vla, € H' S8k (Ag) for some 0 < Sag Sk+1,
and let I, v be the Scott-Zhang interpolation into Sy, we have

1Y@~ Io0llok < CA ol sy (4.10)

Define 7, to be the part of the mesh such that the local element-wise
regularity s of H'**k(K) is big enough to ensure the nodal interpola-
tion:

T, :={K€T :sg>0ford=2and sg >1/2 for d =3}.

Combining the approximation properties of (4.9) and (4.10), we have
an almost localized approximation result: assume that u € Hé (Q), ulg €
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H'"k(K) for K € T,, and ula, € H'"x(Ay) for K € T\T,, where
maxger {sg} <k+1and maxger\z {sp, } Sk+1,

N
IV@=0)llg <CCY, M luligex+ 2, A lulis,, a)-

inf
es,
VE2kt1.0 KeT, KET\T,

(4.11)

Assume that 6 = A(f, —Vu) and V - o = f; —b- Vu—cu have the following
local regularities, respectively:

clx € H’K(K) and V.o|x€H'K(K) KeT.

For a fixed r > 0, denote by I,, : H(div; Q) n [H"(Q)]? » RT, the
standard RT interpolation operator. We have the following local ap-
proximation property: for T € H’k(K), 1 <€ <k+1,

14
It = Lzllox <Chi¥ltl, x YKET. (4.12)

We also should notice that the interpolations and approximation prop-
erties are entirely local.

Denote by Q, : L?*(Q) ~ D, the L?-projection onto D, := {v €
L*(Q) : v|g € P(K),K € T'}. The following commutativity property is
well-known:

V-, 1)=0,V-7 Y 1€ H(div; Q) n H'(Q)¢ with r> 0.

Thus we have the following local approximation property: for V-7 €
H'K(K), 1<tg <k+1,

IV-(t =L, 0)llgx <CRXIV 7|, x VKET. (4.13)

Combining the above approximation properties and (4.8), we have
the following a priori error estimate:

Theorem 4.1. (A priori error estimate) Assume that u € H(} (Q), ulg €
H'**x(K) for K € T,, and uly, € H'™3k (Ay) for K € T\T,, where
maxger {sg} <k+1 and maxger\z {sa, } < k+ 1. Assume that o|g €
H’k(K) and V - 6|x € H'X(K), for 1 < ¢y <k+1and 1 <ty <k+ 1.
Then we have the following a priori error estimate:

K S
i = opu—ull CCY, MElulipg x+ D hKA"lulHSAK’AK (4.14)

KeT; KeT\T;
13 t
+ D (BKIols k + HEIV -0l 1)
KeT

Remark 4.2. We should notice that the smoothness sy, ¢k, and 1y can
be independent. Compared to the standard analysis, the localized a pri-
ori does not require global smoothnesses of ¢ and V - o, or in terms of
the data, global smoothnesses of Af, and f,. We only need the local
(element-wise) smoothness of such data.

The discussion of (4.11) can be applied to the conforming C°-
Lagrange approximation to the standard variational formulation too.
However, the analysis is not coefficient-robust compared to the results
in [14,48] for discontinuous and mixed approximations.

The a priori error estimate with local regularity is the base for
adaptive finite element methods to achieve equal discretization error
distribution. In a sense, the a priori results show us what an opti-
mal mesh should be. For example, assuming 7, = 7, then an error-
equal-distributed mesh should have a similar size of h;fluh sk

3 t
HEloly  x +hg IV ol x) forall KeT.
4.2. A posteriori error estimate

Let

E=0-0;, and e=u-—u,. (4.15)

Then by the first-order system (4.3), we have
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M(oy.uy: f1.8) = |47 (6), + AV, — 6 — AVW)|3
+||IV-64+Xu-V-0o, +th||g
=||A7V2(E + AVe)|Z+ IV - E + Xel|2 = M(E,e;0,0).

Since E € Hy(div;Q) and e € Hé (Q), we have

CIE. OlI* < M(op.up: f1.£5) < CllI(E. ). (4.16)

Thus we can define a posteriori error estimator and local error indicator
as:

mg =IA7 P e+ APV AP S+ (VT + Xo— £y

=Y My = Moy.uy; fi.6).
KeT

|2
0K’

The equivalence (4.16) shows the reliability and efficiency of the error
estimator.
By the triangle inequality, we also have the local efficiency bound,

ng <C(IVellox + llellox + 1 Ellox + IV - Ellg x)-
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